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Abstract 

In this note, we will show that the fundamental group of any neg- 
atively (5-pinched (<5 > -j) manifold can't be the fundamental group of 
a quasi-compact Kahler manifold. As a consequence of our proof, we 
also show that any nonuniform lattice in i*4(_2o) cannot be the funda- 
mental group of a quasi-compact Kahler manifold. The corresponding 
result for uniform lattices was proved by Carlson and Hernandez 
Finally, we follow Gromov and Thurston |H] to give some examples 
of negatively 5-pinched manifolds (5 > j) of finite volume which, as 
topological manifolds, admit no hyperbolic metric with finite volume 
under any smooth structure. This shows that our result for 5-pinched 
manifolds is a nontrivial generalization of the fact that no nonuniform 
lattice in SO(n, l)(n > 3) is the fundamental group of a quasi-compact 
Kahler manifold |21| . 

1 Introduction 

In (221 j Yau an d Zheng (independently, Hernandez (Zj) studied negatively 
S(> |)-pinched manifolds. In particular, they showed that such manifolds 
are hermitian negative (for the definition, see Section 2). An interesting con- 
sequence of their result (which was not stated explicitly in [22], but implied 
clearly) is that the fundamental group of a compact negatively S(> i)-pinched 
manifold cannot be the fundamental group of any compact Kahler manifold 
(in the sequel, we always assume 8 > |). On the other hand, in [5], Gromov 
and Thurston constructed some examples of closed n(n > 4)-manifolds which 
admit some negatively (5-pinched metrics, but no metric of constant curva- 
ture —1 under any smooth structure. In other words, 7Ti of these manifolds 
can't be a cocompact discrete subgroup of SO(n, 1). A simple homotopical 
(or cohomological dimension) argument also shows that these 7Ti cannot be 
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cocompact discrete subgroups of other SO(m, l),m 7^ n. So, the above re- 
sult by Yau-Zheng and Hernandez is a nontrivial generalization of a result by 
Carlson- Toledo jlj and Jost-Yau jH] independently (in 8J, although the result 
was not stated explicitly, it is clear that it is contained in the results of [S]), 
which asserts that no cocompact lattice in SO(n, l)(n > 3) can be 7i"i of a 
compact Kahler manifold. In |2JJ, the second author also showed that the re- 
sult by Carlson- Toledo and Jost-Yau is still valid for nonuniform lattices: Let 
M be a compact Kahler manifold and D be a normal crossing divisor, denote 
M \ D by M. Call M a quasi-compact Kahler manifold. Topologically, this 
class of manifolds includes quasi-projective varieties by Hironaka's Theorem 
for resolution of singularities. Then, no nonuniform lattice in SO(n, l)(n > 3) 
can be tci of a quasi-compact Kahler manifold. In this note, our purpose is 
to generalize this to open — 5-pinched manifolds with finite volume, namely 
we will show the following 

Theorem 1 Let M be a quasi- compact Kahler manifold and N a complete 
noncompact —5 -pinched manifold with finite volume and dimension > 3. 
Then iri(N) is not isomorphic to tti(M). Namely, the fundamental group 
of a complete noncompact —5-pinched manifold with finite volume and di- 
mension > 3 cannot be the fundamental group of any quasi-compact Kahler 
manifold. 

The method of proof is to use harmonic map theory due to Jost and Zuo [9 , 
ITU] . One of the ingredients for the proof is to show that a differentiable family 
of submanifolds of codimension 2 from the harmonic map in question actually 
is a holomorphic family and it gives rise to a foliation. Also observe that the 
argument of Theorem 7.1 in [3] does not work in the present noncompact 
situation. In addition, we need to treat the case of dimension 3 separately. 
As an interesting corollary of the above theorem, we have 

Theorem 2 Let Mi, M2, ■ ■ • , M s (s > 2) be some compact or open Riemann 
surfaces. Then, the product Mi x M 2 x ■ • • x M s does not admit any complete 
negatively 5 (5 > \)-pinched metric with finite volume under any smooth 
structure. 

This is analogous to the positive curvature case, where by the ^-sphere 
theorem, one knows that S 2 x S 2 x • • • x S 2 (at least two copies) does not 
admit any 5-pinched metric. 

Combining the technique of the proof of Theorem 1 with the Lie-theoretic 
analysis of 3j, one can also obtain 

Theorem 3 Let T be a nonuniform lattice in the exceptional group F^^o)- 
Then T can't be the fundamental group of any quasi-compact Kahler manifold. 
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Remark: For the cocompact lattice case of i*4(_2o), the above result was 
proved by Carlson and Hernandez [3]. 
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2 Negatively 5-pinched manifolds and harmonic 
maps 

In this section, we will recall some well-known results concerning negatively 
5-pinched manifolds [21 1221 IZj and the existence of harmonic maps ^Hj and 
give some properties of the harmonic maps in question. 

Let N be a complete negatively 5-pinched manifold with finite volume. 
By means of the Margulis lemma, one gets that as stated and proved in [2], 
Corollary 1.5.2, N can be considered as the interior of a compact manifold 
with boundary, and the boundary topologically is the disjoint union of tori 
up to a finite group action. And concerning the curvature tensor of N, one 
has 

Lemma 1 (122^. Lemma 2, 3 or JT^, Theorem 2.5) N is Hermitian negative, 
namely, for any two complex vectors Z, W in T P (N) <S> C (p G N), 

R(Z,W,Z,W) < 0; 

and there do not exist complex linearly independent vectors Z, W satisfying 

R(Z,W,Z,W) = 0. 

Now, we turn to harmonic map theory. Let M be a compact Kahler man- 
ifold of dimension n with a fixed Kahler metric Uq, D be a fixed divisor with 
(at worst) normal crossings and D = U£=i Here, Di are the irreducible 
components of D. One may also assume that each irreducible component Di 
is free from self intersections. Thus, at each intersection point, precisely at 
most n components of D meet. Denote M \ D by M. 

Let (7j (i — 1, 2, • • • ,p) be a defining section of Di in 0(M, [Di]), which 
satisfies < 1 for a certain Hermitian metric of [DJ and defines a holo- 
morphic coordinate system in each small disk transversal to Di. So, one can 
get a fibration of a small neighborhood, say \<Ji\ < \i < 1, of D^ by small 
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holomorphic disks which meet Di transversally. Similarly, for the boundary 
of such a small neighborhood, denoted by £f , one also gets a fibration by 
circles. The intersection of two such boundaries is fibered by tori. 

Corresponding to the above defining sections <7j, one can define a complete 
Kahler metric on M as follows, 

V-i P 

9 ■= y~ ^2dd((f)(\(Ji\)log\log\(Ti\ 2 \) + cuq\ m , 

i=l 

where is a suitable C°° cut-off function on [0, oo), so that <j)(s) is identical 
to one on [0,e) and to zero on [2e, oo), for sufficiently small e > 0, and c 
is taken sufficiently large, so that g is positive definite. Then g is a Kahler 
metric. One can show that (M,g) is complete and has finite volume In 
fact, when restricted to small holomorphic disks transversal to D, this metric 
looks like the Poincare metric on the punctured disk (£)*, z) 

v/^T^tt, ( . , |2 s dzAdz 
— aalog(— \og\z\ ) = — 



2 |^| 2 (log|^| 2 ) 2 ' 

In the sequel, unless stated otherwise, we always assume that M is endowed 
with the above complete metric g. 

As before, let N be a complete noncompact negatively 5-pinched manifold 
with finite volume, whose universal covering is denoted by N. Denote the 
isometry group of iV by I(N). Given a reductive homomorphism (for the 
definition of reductivity, see the Definition 1.1 of [10J) 

p : 7Ti(M) — > I{N), 

one wants to get a p-equivariant harmonic map from the universal covering of 
M to N. In general, difficulties will arise since the homomorphism p may map 
some small loops around D to some hyperbolic or quasi- hyperbolic elements 
(for their definitions and the definitions of elliptic and parabolic elements, see 
the Definition 1.2 of JU]) i n This is why a p-equivariant harmonic 

map, if it exists, may have infinite energy (here, we use the above metric g to 
compute the energy) . It is however fortunate that this difficulty will not arise 
for the application in this paper. In the following, we will assume that the 
image of p lies in 7Ti(iV). (Actually, in the application, p is an isomorphism 
from tti(M) to 7Ti(JV).) 

As in one nee ds to consider only two cases: 1) p maps every small 
loop around a (topological) component of D (as an element in 7Ti(M)) to a 
hyperbolic or elliptic element; 2) p maps every small loop around a compo- 
nent of D to a parabolic or quasi- hyperbolic element. It is useful to point 
out that any two loops in each component of D, as elements of the funda- 
mental group, commute with each other, so p maps them simultaneously to 
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either hyperbolic (elliptic) elements or quasihyperbolic (parabolic) elements. 
Since N is a complete noncompact negatively 5-pinched manifold with finite 
volume, so the image elements can not be quasihyperbolic (otherwise, N will 
be of infinite volume) and therefore only parabolic images may occur in the 
second case. For the parabolic images case, the problem can be handled as 
done in pages 85-91 of 0, where all steps can be translated to the present 
situation after knowing the fact that the Jacobi fields in the present case 
are also exponentially decaying, which is an easy consequence of Riemannian 
geometry. We now address the first case. Similar to the parabolic images 
case, the elliptic images case will also not cause any difficulty and it can also 
be handled as in [§]• Thus, one only needs to handle the case of hyperbolic 
images. Since N is a negatively 5-pinched manifold (5 > |), so the situation 
is similar to that of locally symmetric spaces of noncompact type of rank one 
and slightly simpler than in the situation of general symmetric spaces. In 
this case, one furthermore has the fact that the element of ^(E^ 1 ) (here S M 
is the boundary of the //-tube neighborhood of D) determined by any fibre 
of £f — > Di is central and hence independent of the choice of the fibre and 
the fact that the centralizer of a hyperbolic element in a discrete subgroup 
of I(N) is virtually cyclic. Using these facts, one can then follow the argu- 
ments in pages 477-480 of [TU] to get a desired p-equivariant map and hence a 
p-equivariant harmonic map. Finally, the argument in pages 481-483 of [Til] 
(Lemma 1.1) shows that the harmonic map is pluriharmonic. 

Now, we can state the following theorem on the existence of a p-equivariant 
pluriharmonic map, which is essentially due to Jost and Zuo jHlEHlj as follows: 

Theorem 4 Let M, N, I(N) and p as above. Then there exists a p-equivariant 
pluriharmonic map u from the universal covering M of M with the above met- 
ric g to N. 

Remark: Actually, Jost-Zuo's theorem in and jTU] is more general in some 
respects. In particular, if N is a locally symmetric space of noncompact type 
of rank one with finite volume, the theorem still holds, as will be used in the 
proof of the Theorem 3. 

For simplicity of notation, we shall consider the harmonic map u in the 
sequel as a map from M to N' = N / p(iTi(M)). (In our applications N' 
is just N). Let w G Di be a regular point of D. Near w, one can choose a 
coordinate system (z 1 , z 2 ) on M such that z l parameterizes small holomorphic 
discs, which meet Di transversally near w, z 2 parameterizes Di (of course, z 2 
will have more than one component if the complex dimension of M is greater 
than 2. In the following, the index 2 will stand for all those z 2 -directions 
together), and z l = on a small neighborhood of w in Di and z 2 (w) = 0. 
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One then has some derivative estimates for u (see p. 481 of [TU]): 

\^{z\z 2 )\ g < py, \^(z\z 2 )\ g <c, 

where c is some positive constant. If w is a singular point of D, i.e., a point 
at which two irreducible components of D meet, similar estimates can be ob- 
tained. One may use a := nf=i °i t° replace the above coordinate component 
z 1 . Then, one can get that in the a-direction, the derivative of u behaves like 
1^1, whereas in directions normal to a, it is bounded. 

Now, we shall show that the rank of the harmonic map u has a serious 
restriction. Let M be as before with the constructed Kahler metric g, the 
corresponding Kahler form of which is denoted by 



j m 

- E 3 a jdz a A dzP 



UJ = - 

2 

a, /3=l 

where m = dim^M and (z 1 , z 2 , ■ ■ ■ , z m ) is a local coordinate system of M. 
Introduce a local coordinate system (m 1 ,^ 2 ,-- - ,u n ) on N'. As in |18j . we 
introduce a symmetric (2, 0)-tensor related to the map u 

<t>(X, Y) =< 3u{X), du(Y) >, X, Y G Tl'°M, 

which can be locally written as Yl™f3=i $ap&z°- ® dz 13 . Now, we compute its 
iterated divergence. By the divergence formula, one has a (1, 0)-form £ 

where (g 13 ^) represents the inverse of (gpy) and "," denotes the covariant 
derivative. Then, taking the divergence of £ again, one obtains, by a direct 
computation [18 , 

5£ = {\D"du\ 2 - g^g*RM m <utyv$) 

where 5 is the codifferential, Rikim is the curvature tensor of N', and D"du is 
the (0, l)-type covariant derivative of du, which is locally written as 

Here T % - k are the Christoffel symbols of Y . Then, Jost-Zuo's argument (see 
p. 482 of ^U]) shows that the two sides of the above formula are zero pointwise. 
It should be pointed out that the estimates given above of the derivatives of 
u near the divisor D are essential in this reasoning. In particular, using the 
curvature conditions of N', one obtains that 

D"du = 0, a V*^trXu%«j = 0- 
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Note that the above first formula just represents the pluriharmonicity of u. 
Taking the holomorphic orthogonal frame e±, e2, • • ■ , e m on M, one has 

g^g^Rikirnuiu^uf =< R(du(e a ),du(e,3))du(ea),du(ep) > . 

Thus, by means of the previous lemma, there exist two complex constants 
a, b (at least one 7^ 0) satisfying adu(e a ) + bdu(ep) = 0, namely, du(T 1,0 M) 
is complex one-dimensional. So, one obtains 

Lemma 2 Let u : M — > N' be the pluriharmonic map as in the Theorem 4. 
Then u has real rank at most 2. 

As a consequence of the above arguments, one has 

Theorem 5 Let M, N be as before, and let u : M —>■ N be a smooth map. 
Then u is harmonic if and only if D" is the d-operator of a holomorphic struc- 
ture on u*T c N and du is a holomorphic section of the bundle HomlT 1 ' ^!, 
u*T c N). 

Proof: It is easy to see that D" is the <9-operator of a holomorphic structure 
on u*T c N if and only if it satisfies the integrability condition (D") 2 = 0. An 
easy computation shows 

(D") 2 (X, Y) = R(du(X),du(Y)), 

where R is the complex-multilinear extension of the curvature tensor of N and 
X,Y e T°' l M. Since du{T lfi M) is complex one-dimensional, (D") 2 (X,Y) = 
0. 

3 Factorization of harmonic maps and proofs 
of theorems 

From the argument of the previous section, we know that if / is a harmonic 
map from M (a quasi-compact Kahler manifold with an appropriate complete 
Kahler metric constructed as in the previous section) to iV (a complete non- 
compact negatively 5-pinched manifold with finite volume ) from the Theorem 
4, then it has real rank at most 2. From now on, we assume that tti(N) is 
isomorphic to ttx(M). We want to derive a contradiction, hence the Theorem 
1 is proved. 

Let / be a harmonic map from M to N from the Theorem 4 which induces 
an isomorphism from 71*1 (M) to 7Ti(N). From the argument of the previous 
section, we know that / has real rank at most 2. Obviously, its real rank 
cannot be zero; if it has real rank one, by a result of J. H. Sampson ^Hj, / maps 
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M to a closed geodesic in N. So, 7Ti(iV) is isomorphic to the ring of integers Z. 
Because N is noncompact but of finite volume, its fundamental group must 
contain some parabolic element. So, each element in 7Ti(N) is parabolic. This 
is impossible, since N has finite volume. So, we can assume that / has real 
rank 2 at some point. Actually, it has real rank 2 generically, since it is 
pluriharmonic (more precisely, f*TN (g) C is a holomorphic bundle under the 
(0, l)-part of the induced connection and df is a holomorphic section of the 
bundle Hom(T 1 '°M, f*TN <g> C)). 

In the following, we will show that / gives rise to a foliation on M. Note 
that the argument of Theorem 7.1 in [3] does not work in the noncompact case. 
We will make use of a similar (but more general) argument of [SJ. Assume 
/ has real rank 2 at the point Zq, so / has real rank 2 in a neighborhood, 
say, U. Take a holomorphic coordinate system (z 1 ,^ 2 ,--- , z m ) around z 
(w.l.o.g., one can assume the system covers U). By the previous section's 
result, df(T 1,0 M) is complex one-dimensional. Without loss of generality, 
one can assume df(-£j) 7^ and denote it by X. Set df(^) = q % X,% = 
2, 3, • • ■ , to, where {q 1 } are complex valued functions defined on U. We will 
show that they are actually holomorphic. Since / has real rank 2, I ^ I 
and X 7^ —X. So, for i = 2, 3, • • • , m, j = 1, 2, • • • , n, one has, using the 
Kahlerianity of M and the pluriharmonicity of / 

d d 

= o%(d/(A)) 

m oz l 
= D'^(q l X) 

~ d¥ X - 

So, q\i = 2,3, •■ ■ ,m are holomorphic. Consider the holomorphic distribu- 
tion on U 



. d 2 d d 3 d d m d 

dz 2 dz 1 ' dz 3 dz 1 ' ' dz m dz 1 



Obviously, it is the holomorphic kernel of the differential df. Moreover, 
by the complex version of a standard fact (See, [12], Proposition 1.4.10), 
^/(taF _ ^a?"' o^j - Q J a^]) = j = 2,3, ■ • ■ , to, i.e., [g^ - q 1 -^, g^j - 
g J ^r]) lie in this distribution. So, it is a holomorphic integrable distribution. 
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Then, the complex version of Frobenius theorem asserts that on a neighbor- 
hood of zq (assume it still is U), there is a holomorphic coordinate system 
(w 1 , w 2 , ■ ■ ■ , w m ) satisfying 

d d d _ d 2 d d 3 d d m d 

dw 2 ' dw 3 ' ' dw m dz 2 ^ dz 1 ' dz 3 ^ dz 1 ' ' dz m ^ dz l 

That is to say, df{-^) = 0,i = 2,3, ■•• , m, but df{-^ T ) ^ 0. So, when 
restricted to the hypersurfaces w l = const, f is constant. Therefore, one 
obtains a well-defined foliation T on a Zariski open set of M, namely, on the 
set where / has real rank 2. Arguments of Mok (see Proposition (2.2.1) of 
15J) imply that T can be extended as a holomorphic foliation to M \ V for 
some complex analytic variety V of complex codimension at least 2. Then, the 
study of [15] (see Proposition (2.2) of [TB] ) shows that the extended foliation 
actually defines an open analytic equivalence relation, still denoted by J 7 , on 
M, and the quotient of M by J 7 , denoted by S, is an irreducible complex 
space of complex dimension 1, by a result of Kaup [TT]. Therefore, one has 
a factorization of the harmonic map /: / = h o 7T, where 7r : M — > S is 
holomorphic because of the construction of S and h : S —>■ N is harmonic 
since / is pluriharmonic. 

Since /* : 7i"i(M) — > 7r 1 (A r ) is an isomorphism, 7T* : 7Tx(M) — > 7r 1 (5') 
is injective. Therefore, tti(N), as a subgroup of vr^S 1 ), acts freely on the 
universal covering of S, which is contractible as a topological space. Thus, 
the cohomological dimension of tti(N) pQ is at most 2. But, since iV is 
a negatively 5-pinched manifold with finite volume, it can topologically be 
regarded as the interior of a manifold with boundary, here the boundary is 
the disjoint union of tori up to a finite group. So, by means of a result of 
PP (p. 211, Corollary 8.3), tci(N) has cohomological dimension n— 1, here n 
is the real dimension of N. So, if n > 4, we derive a contradiction. In the 
following, we will treat the case n = 3 separately. The idea of the proof was 
told to us by Professor M. S. Raghunathan. 

We now assume that iV has dimension 3 and tti(N) is isomorphic to 7Ti(M). 
So, by means of the previous argument, one has a holomorphic map h from 
M to an irreducible complex space S of complex dimension 1, which induces 
an injective map h* : tti(M) — > iri(S). Now, we have two cases to discuss: 1. 
S is noncompact; 2. S is compact. 

Case 1: If S is noncompact, a standard argument shows that vri(S') is free, so 
its cohomological dimension is 1, consequently, the cohomological dimension 
of its subgroup is also 1. But the cohomological dimension of 7Ti(iV) is 2. So 
only the case 2 may occur. 

Case 2: In this case, we also have two cases to discuss: i) the image of h* 
has infinite index in tti(S); ii) the image of h* has finite index in 7Ti(S). If 



10 



the case i) is true, one can lift h so that the case can be actually reduced 
to the case 1). So, that case is impossible; if the case ii) is true, by a finite 
lifting, one can also assume that h* is an isomorphism from 7Ti(M) to 7r 1 (5). 
We will also derive a contradiction. Since tci(M) is isomorphic to vri(iV) by 
the assumption, so iti(N) is isomorphic to ni(S). Since N is of negatively 
5-pinched curvature and finite volume, by means of Corollary 1.5.2 in one 
can consider N as the interior of a compact manifold with boundary, here the 
boundary is the disjoint union of tori up to a finite group action. Then an 
easy exercise shows that the Euler-Poincare characteristic x(7Ti(iV)) of tti(N) 
is zero by using the homological exact sequence of a space pair (X, dX) for a 
compact manifold X and its boundary dX and Poincare duality theorem for 
manifolds with boundary (see [14 , p. 227). 

We now show that the Euler-Poincare characteristic of 7Ti (S) is not zero 
and hence a contradiction. Since S is a compact irreducible complex space 
of complex dimension 1, so, by passing to normalizations, without loss of 
generality we can assume that S is normal and hence smooth and the above 
factorization / = h o tc remains valid. Clearly, S can't be the sphere since 
tti(N) acts freely on the universal covering of S. If S is of genus g > 2, then 
the Euler-Poincare characteristic of ffi(S) is 2 — 2g < 0. This is a contradic- 
tion. So, if the assumption is true, S must be a torus. Thus tti(N) = Z+Z. In 
the following, using harmonic map theory, we will show that iti(N) cannot be 
Z + Z. Assume tti(N) = Z + Z. Take the standard torus T with a flat metric, 
so one can get a harmonic map by the well-known theorem of Eells-Sampson 
for the existence of harmonic maps from this torus to N, which induces an 
isomorphism from vri(T) to 7Ti(iV). Then a standard argument shows that 
this harmonic map has constant energy density by using the Bochner tech- 
nique for harmonic maps. Furthermore, it is a totally geodesic map and of 
real rank 1. Again, by means of a result of Sampson ^U], this harmonic map 
maps T to a geodesic in N. This is a contradiction. This completes the proof 
of the theorem 1. 

Proof of Theorem 3: Let T be a nonuniform lattice in ^(-20) ■ (Without 
loss of generality, one can assume that T is torsion-free.) Assume it is the 
fundamental group of a quasicompact Kahler manifold M. By means of the 
Theorem 4, one has a harmonic map / : M — > Hq/T, which induces an 
isomorphism from m(M) to T. Here Hq is the Cayley hyperbolic plane. 
Then a standard argument ^Hl El shows that df(Tp ,0 M) (p G M) can be 
regarded as an Abelian subspace of the complexification p c of the tangent 
space of Hq. This tangent space can be identified with the second factor of 
the Cartan decomposition jj = t + p, here g is the Lie algebra of -F 4 (_ 2 o) and 
t is the Lie algebra of the maximal compact subgroup in -F 4 (_ 2 o) • By the Lie- 
theoretic analysis in [3. , one knows that the complex dimension of an Abelian 
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subspace in p c is at most 2. So, we have three cases to discuss for df(Tp ,0 M). 

(a) : dimcdf (Tp'° M) = 1, but df(Tp'°M) has real points. So the real rank 
of / is 1. By a result of J. H. Sampson [TH], / maps M to a geodesic in Hq/T. 
So, T is isomorphic to the ring of integers Z. This is impossible; 

(b) : dim c df(T^°M) = 1, but df(T^°M) does not have real points. So the 
real rank of / is 2. Similar to the previous proof, we have a decomposition for 
/ : / — 9 °h, here h is a holomorphic map from M to an irreducible complex 
space S of complex dimension 1 and g is a harmonic map. (Note that the 
discussion of Theorem 7.1 in jl] does not work any more in the present case.) 
So, the cohomological dimension of m, and hence T is at most 2. But, the 
cohomological dimension of T is actually 15 (see pQ). This is a contradiction; 

(c) : dim c df(Tp'°M) = 2. Completely similar to the discussion in [3], 
one also has a decomposition for /: f — g o h, here h is a holomorphic map 
from M to a quotient of the two-ball of finite volume and g is a geodesic 
immersion. Then, the same cohomological dimension arguments show this is 
also impossible. This completes the proof of the theorem. 

4 Examples of negatively (5-pinched manifolds 
which are not hyperbolic 

In this section, we will give some examples of negatively 5-pinched mani- 
folds of finite volume which admit no hyperbolic metric with finite volume 
under any smooth structure. The constructing method is from Gromov and 
Thurston's paper Actually, Gromov and Thurston constructed some ex- 
amples of compact manifolds which admit some 5-pinched metric, but no 
hyperbolic metric under any smooth structure. We only give a sketch here. 
For detailed constructions, the reader can refer to [U]. 

Consider a non-singular quadratic form $3 in 4 variables X2, £3, £4, X5 with 
coefficients in Q and real type (1, 1, 1, —1). Let r($ 3 ) be the group of auto- 
morphisms of the form $ 3 over the ring of integers Z. It is well-known that 
r($ 3 ) may be both cocompact and non-cocompact. We assume that T($ 3 ) 
is cocompact. Set the quadratic forms $4 = (xi) 2 + $ 3 and $ 5 = (x ) 2 + $4. 
Then one knows that T($4) and T($s) are non-cocompact. T($3) (r($4) re- 
spectively) can be considered as a subgroup of r($ 4 ) (r($ 5 ) respectively) and 
i7 3 /(r($ 3 )) is a compact totally geodesic hypersurface of i? 4 /(r($ 4 )), while 
i7 4 /(r(<3>4)) is a noncompact totally geodesic hypersurface of if 5 /(r($ 5 )). 
Then, Gromov-Thurston's argument (Lemma 1.2 of [U]) can be applied to 
the space pairs (H 5 / (r($ 5 )), D) and (# 4 /(r($ 4 )), # 3 /(r($ 3 ))), here D is 
a compact subset of if 4 /(r($ 4 )) containing H 3 /(r($3)). All these together 
give the following 
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Theorem 6 For every p, there are an orientable 5- dimensional complete 
manifold V of constant curvature —1 and finite volume and a compact to- 
tally geodesic orientable submanifold V of codimension 2 in V such that the 
normal injectivity radius of V in V is greater than p; the corresponding ho- 
mological class of V in V is trivial. 

Using the above constructed manifolds V, V, one can get a Zj-ramified 
covering V of V at V for any positive integer i. Then, on all these ramified 
coverings with the induced smooth structure, one can construct some com- 
plete negative curvature metrics g~i whose curvature at infinity is constant —1 
and of finite volume since V is compact. Now, consider all Vi as topological 
manifolds and suppose that there were complete metrics g l of constant cur- 
vature K — — 1 and finite volume on each Vi under some smooth structure 
of Vi (not necessarily the above induced smooth structure). The action of 
the cyclic group Zi on Vi can be considered as a deck transformation action. 
Because the dimension of Vi is 5, by means of the Mostow-Prasad rigidity 
theorem due to G. Prasad jTTj (for nonuniform lattices in real hyperbolic 
spaces), there exists an isometric action of Zi on Vi whose fixed point set 
V" is homeomorphic to V and whose quotient V{ = V/Zi has a natural 
orbifold structure with constant curvature K — — 1 and finite volume. Also 
note that no two orbifolds Vi are isometric. On the other hand, by means 
of the volume estimate argument in jH], the volumes of Vi have a uniform 
bound independent of i. So, Wang's finiteness theorem for locally symmet- 
ric orbifolds (see |^U| , Theorem 8.1), which asserts that there are at most 
finitely many isometric classes of n(> 4)-dimensional complete orbifolds V 
with K(V) = — 1 and Vol(V) < a fixed constant, implies a contradiction. 
Namely, there exists a positive integer i , such that for i > i , V does not 
admit a complete metric of constant curvature —1 and finite volume under 
any smooth structure. Finally, using the arguments of §3 in one can show 
that there exist some V, (i > iq) which admit no complete metric of constant 
curvature K = — 1 and finite volume under any smooth structure, but carry 
some complete metrics with curvature —l<K<—l—e and finite volume 
under the induced smooth structure on Vi from the ramified covering of V at 
V for arbitrary small positive e. Thus, combining Gromov and Thurston's 
examples with ours, we actually obtain the following 

Theorem 7 There exist some complete 5-dimensional topological manifolds 
which admit no complete metric of constant curvature —1 and finite volume 
under any smooth structure, but carry some complete metrics with curvature 
— 1 < K < — | and with finite volume under some smooth structure. In other 
words, there exist some groups which can be 7i"i of some complete ( open or 
closed) 5-dimensional negatively 5(> \)-pinched manifolds of finite volume, 
but not a (uniform or nonuniform) lattice of SO (5, 1). 
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Remarks: A simple homotopical (or cohomological dimension) argument 
shows that the groups in the above theorem also cannot be (uniform or 
nonuniform) lattices of SO(m, 1) for any m 7^ 5; in addition, these exam- 
ples also show that Theorem 1 is a nontrivial generalization of the theorem 
in [21]. A natural problem is how to characterize these groups in algebraic 
terms. 
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